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Structured Prediction

• General problem: we want to learn a (possibly 
conditional) distribution over some output space with 
structure to it 

• Structure: output space is a composition of variables 
whose values depend on each other’s values 

• Not structured prediction: simple classification tasks 

• Document classification (output space is set of classes) 

• Next-token prediction (output space is vocabulary)



Structured Prediction  
Problems

• Multi-class classification: 

• Output is a set of classes 

• Classes may not be independent: some classes are likely 
to co-occur, and others never co-occur 

• Language modeling: 

• Output is a sequence of tokens 

• There might be long-distance dependencies between 
words across the sequence



Structured Prediction 
Problems

• Part-of-speech (POS) tagging 

• Output is a sequence of POS tags 

• Tags may depend on each other under lexical ambiguity 
 
 Fed raises interest rates 0.5 percent

noun verb noun verb noun verb
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Structured Prediction 
Problems

• Part-of-speech (POS) tagging 

• Output is a sequence of POS tags 

• Tags may depend on each other under lexical ambiguity 
 
 

• Code generation 

• Output is a sequence of tokens 

• But they must be syntactically valid and compilable according 
to the programming language’s grammar

Fed raises interest rates 0.5 percent

noun verb noun verb noun verb



Challenges and Opportunities with 
Structured Prediction

• Output space might be exponentially 
large, which makes search difficult at 
inference time 

• But, known dependence between output 
variables might help narrow down the 
search at inference time 

• E.g., constrained decoding for code 
generation

Rabinovich et al. 2017



Challenges and Opportunities with 
Structured Prediction

• How can we use domain knowledge to improve search? 

• Constrained decoding 

• Reranking 

• Structured modeling 

• Learn it through training on lots of data 

• If we have lots of data available to train on, why do we need 
prior domain knowledge at all? 

• Can still make learning or inference more efficient 

• Can also guarantee validity of outputs



Challenges and Opportunities with 
Structured Prediction

• Sometimes we just don’t have data available! 

• Example tasks:  

• Generating JSON objects for a complex custom 
annotation schema 

• “Translating” from natural language proofs to executable 
Lean code 

• Reasoning tasks where answers can be generated by 
composing several structured reasoning traces



Case Study:  
Sequence Tagging

• Sequence tagging problems: 

• Where we also have a prior over possible output tag 
sequences 

• Sequence tagging tasks: 

• Part-of-speech tagging 

• Named entity recognition 

• Modern tagging tasks?
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Case Study: 
Part-of-Speech (POS) Tagging

To start:  

• Modern LLMs are quite good at POS tagging 

• We also don’t need to do POS tagging anymore to build 
good language technologies 

• But, it’s a well-studied task that will provide us with a good 
intuition about structured prediction problems in general



Part-of-Speech Tagging
Open class tags (English) 

• Nouns 

• Proper nouns: IBM, Italy 

• Common nouns: cat, snow 

• Verbs: see, repost 

• Adjectives: brown, cooked 

• Adverbs: swiftly



Part-of-Speech Tagging
“Closed” class tags (English) 

• Determiners: the, an, some, my, etc. 

• Conjunctions: and, or 

• Pronouns: they, us 

• Auxiliaries and modalities: had [VERB], could 

• Prepositions: up, to, in 

• Particles: combinations of prepositions with verbs into a 
single verbal phrase, e.g., made up



Part-of-Speech Tagging
Lexical ambiguity 
 
 

record
noun /ˈɹɛk.ɚd/

verb /ɹɪˈkɔɹd/

Fed raises interest rates 0.5 percent
NNP 
VBD 
VBN

NNS 
VBZ

NN 
VB 

VBP

NNS 
VBZ

CD NN

3 2 3 2x x x 1 1x x

= 36 possible sequences



Part-of-Speech Tagging
Lexical ambiguity 
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knowledge about output classes: 
a long sequence of verbs is very unlikely
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Part-of-Speech Tagging
Lexical ambiguity 
 
 

record
noun /ˈɹɛk.ɚd/

verb /ɹɪˈkɔɹd/

Fed raises interest rates 0.5 percent
NNP 
VBD 
VBN

NNS 
VBZ

NN 
VB 

VBP

NNS 
VBZ

CD NN

🤔
prior knowledge about the relationship between input and output: 
“rates” cannot be the object of “interest”



Part-of-Speech Tagging

• Sequence tagging problems: 

• Where we also have a prior over possible output tag 
sequences 

• Simplification: independently predict each POS tag: 

• E.g., embed token  

• Then classify each embedding  

• interest —> 55% NN, 35% VB, 10% VBN
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Part-of-Speech Tagging

• Sequence tagging problems: 

• Where we also have a prior over possible output tag 
sequences 

• Simplification: independently predict each POS tag: 

• E.g., embed sequence  

• Then classify each hidden state  

• But POS tags are still predicted independently of each 
other — no guarantee we’ll satisfy prior 
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Part-of-Speech Tagging

Tradeoff between validity and efficiency 

• Independently predicting output components (ignoring 
implicit structure) is fast (O(n)), but might result in invalid 
or very low-probability outputs 

• Considering only the possible outputs (or reranking by 
their probability) improves quality and validity, but requires 
enumerating all possible outputs (potentially exponential) 

• Can we do better? —> structured modeling and dynamic 
programming!



Hidden Markov Models

• Preliminary: generative vs. discriminative models 

• Generative model: parameterizes a joint distribution over random 
variables X and Y 

• Discriminative model: parameterizes a conditional distribution of 
target Y given observation X  

• Classification: X = instance features, Y = instance class 

• Language modeling: 

• “True” language modeling: Y = sequence of tokens 

• Autoregressive approximation: X = previous tokens, Y = next token 

• Part-of-speech tagging: X = sequence of tokens, Y = part of speech 
tags 



Hidden Markov Models
• Tags:  

• Words:  

• HMM generative model gives us 

<latexit sha1_base64="SwwOWPY6904I3VUeXBeFbPXOIIA=">AAAB/HicbVBNS8NAFHypX7V+RXv0slgETyURqR6LXjxWsLXQhLDZbtulm03Y3Qgh1L/ixYMiXv0h3vw3btoctHVgYZh5jzc7YcKZ0o7zbVXW1jc2t6rbtZ3dvf0D+/Cop+JUEtolMY9lP8SKciZoVzPNaT+RFEchpw/h9KbwHx6pVCwW9zpLqB/hsWAjRrA2UmDXs4AhjwnkRVhPCOZ5ZxbYDafpzIFWiVuSBpToBPaXN4xJGlGhCcdKDVwn0X6OpWaE01nNSxVNMJniMR0YKnBElZ/Pw8/QqVGGaBRL84RGc/X3Ro4jpbIoNJNFRLXsFeJ/3iDVoys/ZyJJNRVkcWiUcqRjVDSBhkxSonlmCCaSmayITLDERJu+aqYEd/nLq6R33nRbzdbdRaN9XdZRhWM4gTNw4RLacAsd6AKBDJ7hFd6sJ+vFerc+FqMVq9ypwx9Ynz9sJJSm</latexit>

yi 2 P
<latexit sha1_base64="7mmzALF6RhQejzsA+AMAzP5eepU=">AAAB/HicbVDLSsNAFL2pr1pf1S7dDBbBVUlEqsuiG5cV7AOaECbTSTt0MgkzEzGE+ituXCji1g9x5984bbPQ1gMDh3Pu5Z45QcKZ0rb9bZXW1jc2t8rblZ3dvf2D6uFRV8WpJLRDYh7LfoAV5UzQjmaa034iKY4CTnvB5Gbm9x6oVCwW9zpLqBfhkWAhI1gbya/WHn2GXCaQG2E9Jpjn3alfrdsNew60SpyC1KFA269+ucOYpBEVmnCs1MCxE+3lWGpGOJ1W3FTRBJMJHtGBoQJHVHn5PPwUnRpliMJYmic0mqu/N3IcKZVFgZmcRVTL3kz8zxukOrzyciaSVFNBFofClCMdo1kTaMgkJZpnhmAimcmKyBhLTLTpq2JKcJa/vEq65w2n2WjeXdRb10UdZTiGEzgDBy6hBbfQhg4QyOAZXuHNerJerHfrYzFasoqdGvyB9fkDc6yUqw==</latexit>

xi 2 V
<latexit sha1_base64="8PG/tbUlSNnQosLUT2ui/40t3wc=">AAACBnicbVBLSwMxGMzWV62vVY8iBItQQcquSPVY9OKxgn1Au5Rsmm1Ds8mSZMVl6cmLf8WLB0W8+hu8+W/MtgtqdSAwmfmG5Bs/YlRpx/m0CguLS8srxdXS2vrG5pa9vdNSIpaYNLFgQnZ8pAijnDQ11Yx0IklQ6DPS9seXmd++JVJRwW90EhEvRENOA4qRNlLf3m9UesIMZPn0bnIMv2/J5Khvl52qMwX8S9yclEGORt/+6A0EjkPCNWZIqa7rRNpLkdQUMzIp9WJFIoTHaEi6hnIUEuWl0zUm8NAoAxgIaQ7XcKr+TKQoVCoJfTMZIj1S814m/ud1Yx2ceynlUawJx7OHgphBLWDWCRxQSbBmiSEIS2r+CvEISYS1aa5kSnDnV/5LWidVt1atXZ+W6xd5HUWwBw5ABbjgDNTBFWiAJsDgHjyCZ/BiPVhP1qv1NhstWHlmF/yC9f4Fd/qZJg==</latexit>

P (x, y)
<latexit sha1_base64="Aqz5qaehlPnze9t91RvH1rupsVk="></latexit>

p(y1)p(x1 | y1)p(y2 | y1)p(x2 | y2) . . . p(STOP | yn)

<latexit sha1_base64="P4GArwQ3oaXEfJT4toixLcIzE8A=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qnn9Uplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5udOiGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8MrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2naEPwFl9eJs3ziletVO8uyrXrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AEPQo2r</latexit>x1
<latexit sha1_base64="0qSiA+TXOQEOvRSqdJWQbG5jZ2U=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaJQY9ELx4xyiOBDZkdemHC7OxmZtZICJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzcxvPaLSPJYPZpygH9GB5CFn1Fjp/qlX6RVLbtmdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE175Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNStmrlqt3F6XadRZHHk7gFM7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AEMaNrA==</latexit>x2

<latexit sha1_base64="JqfBROLOb2czD3ZfzouPLTuGtec=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BL96MmBckS5idzCZDZh/O9AbDku/w4kERr36MN//GSbIHjRY0FFXddHd5sRQabfvLyq2srq1v5DcLW9s7u3vF/YOmjhLFeINFMlJtj2ouRcgbKFDydqw4DTzJW97oeua3xlxpEYV1nMTcDeggFL5gFI3kdpE/ImJ6X7+tTXvFkl225yB/iZOREmSo9Yqf3X7EkoCHyCTVuuPYMbopVSiY5NNCN9E8pmxEB7xjaEgDrt10fvSUnBilT/xImQqRzNWfEykNtJ4EnukMKA71sjcT//M6CfqXbirCOEEessUiP5EEIzJLgPSF4gzlxBDKlDC3EjakijI0ORVMCM7yy39J86zsVMqVu/NS9SqLIw9HcAyn4MAFVOEGatAABg/wBC/wao2tZ+vNel+05qxs5hB+wfr4Bg/okk4=</latexit>

STOP

<latexit sha1_base64="Ic3fQc2ZUgNQ7Wm0VX8S7mko5fo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2k3bpZhN2N0Io/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHkyXoR3QoecgZNVZ6yPqyX664VXcOskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGn1BlOBM4LfVSjQllYzrErqWSRqj9yfzUKTmzyoCEsbIlDZmrvycmNNI6iwLbGVEz0sveTPzP66YmvPYnXCapQckWi8JUEBOT2d9kwBUyIzJLKFPc3krYiCrKjE2nZEPwll9eJa2Lqler1u4vK/WbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gBtPI3p</latexit>yn
…

<latexit sha1_base64="PrB1/qaS67bSpWzLFnxvl6w+HWQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkmR6rHoxWNF+wFtKJvtpF262YTdjRBKf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/PbT6g0j+WjyRL0IzqUPOSMGis9ZP1qv1R2K+4cZJV4OSlDjka/9NUbxCyNUBomqNZdz02MP6HKcCZwWuylGhPKxnSIXUsljVD7k/mpU3JulQEJY2VLGjJXf09MaKR1FgW2M6JmpJe9mfif101NeO1PuExSg5ItFoWpICYms7/JgCtkRmSWUKa4vZWwEVWUGZtO0YbgLb+8SlrViler1O4vy/WbPI4CnMIZXIAHV1CHO2hAExgM4Rle4c0Rzovz7nwsWtecfOYE/sD5/AESTI2t</latexit>y2
<latexit sha1_base64="M74cN+PpL0MKwannOjHglIwqfQE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2k3bpZhN2N0Io/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHkyXoR3QoecgZNVZ6yPpev1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02MP6HKcCZwWuqlGhPKxnSIXUsljVD7k/mpU3JmlQEJY2VLGjJXf09MaKR1FgW2M6JmpJe9mfif101NeO1PuExSg5ItFoWpICYms7/JgCtkRmSWUKa4vZWwEVWUGZtOyYbgLb+8SloXVa9Wrd1fVuo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AEQyI2s</latexit>y1

Generative story:
Markov process: 
    is conditionally 
independent of 
                  given 

<latexit sha1_base64="AJPQiq8ysUU30I0K9bz66UVNH3I=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2m3bpZhN2J0Io/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xCzhfkSHSoSCUbTSQ9YX/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBf0I1Cib5tNRLDU8oG9Mh71qqaMSNP5mfOiVnVhmQMNa2FJK5+ntiQiNjsiiwnRHFkVn2ZuJ/XjfF8NqfCJWkyBVbLApTSTAms7/JQGjOUGaWUKaFvZWwEdWUoU2nZEPwll9eJa2Lqler1u4vK/WbPI4inMApnIMHV1CHO2hAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gBlqI3k</latexit>yi

<latexit sha1_base64="4An+HQZRwH/NJ5DnzKDmYXhJX6g=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBjSUpUl0W3bisYB/QhjCZTtuhk0mYmSgh9lPcuFDErV/izr9x2mahrQcGDufcw71zgpgzpR3n2yqsrW9sbhW3Szu7e/sHdvmwraJEEtoiEY9kN8CKciZoSzPNaTeWFIcBp51gcjPzOw9UKhaJe53G1AvxSLAhI1gbybfLqe+i/iDSCqV+xs5rU9+uOFVnDrRK3JxUIEfTt79MniQhFZpwrFTPdWLtZVhqRjidlvqJojEmEzyiPUMFDqnysvnpU3RqlAEaRtI8odFc/Z3IcKhUGgZmMsR6rJa9mfif10v08MrLmIgTTQVZLBomHOkIzXpAAyYp0Tw1BBPJzK2IjLHERJu2SqYEd/nLq6Rdq7r1av3uotK4zusowjGcwBm4cAkNuIUmtIDAIzzDK7xZT9aL9W59LEYLVp45gj+wPn8ANW+TVw==</latexit>y1 . . . yi�2
<latexit sha1_base64="Wzztupn3FJ6xLY5JmYP/MD/lxZA=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBiyURqR6LXjxWsB/QhrLZTtulm03Y3Qgh9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSy4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS0eJYthkkYhUJ6AaBZfYNNwI7MQKaRgIbAeTu5nffkKleSQfTRqjH9KR5EPOqLFSO+1n/MKb9ssVt+rOQVaJl5MK5Gj0y1+9QcSSEKVhgmrd9dzY+BlVhjOB01Iv0RhTNqEj7FoqaYjaz+bnTsmZVQZkGClb0pC5+nsio6HWaRjYzpCasV72ZuJ/Xjcxwxs/4zJODEq2WDRMBDERmf1OBlwhMyK1hDLF7a2EjamizNiESjYEb/nlVdK6rHq1au3hqlK/zeMowgmcwjl4cA11uIcGNIHBBJ7hFd6c2Hlx3p2PRWvByWeO4Q+czx8G649i</latexit>yi�1

Words are conditionally 
independent of one another 
given their parts of speech 



Probability of stopping after seeing POS tag
<latexit sha1_base64="dVf3FddNn1sV8q7YgJrfZjDKVJs="></latexit>

p(STOP | y) 2 R|P|
[0:1]

Transition probabilities
<latexit sha1_base64="I2uIvnbIfOHkQ1eCOkQWeDvD7v8=">AAACFnicbVBNS8NAEN3Ur1q/qh69LBbBiyURqR6LevBYoV/QxLLZbtqlm03YnQgl9Fd48a948aCIV/Hmv3HT9lBbHww83pthZp4fC67Btn+s3Mrq2vpGfrOwtb2zu1fcP2jqKFGUNWgkItX2iWaCS9YADoK1Y8VI6AvW8oc3md96ZErzSNZhFDMvJH3JA04JGKlbPKtjl0vs3jIB5CF1QwIDSkRaG2MXeMg0npPG3WLJLtsT4GXizEgJzVDrFr/dXkSTkEmggmjdcewYvJQo4FSwccFNNIsJHZI+6xgqidnopZO3xvjEKD0cRMqUBDxR5ydSEmo9Cn3Tmd2oF71M/M/rJBBceSmXcQJM0umiIBEYIpxlhHtcMQpiZAihiptbMR0QRSiYJAsmBGfx5WXSPC87lXLl/qJUvZ7FkUdH6BidIgddoiq6QzXUQBQ9oRf0ht6tZ+vV+rA+p605azZziP7A+voFaWGflQ==</latexit>

T 2 �P⇥P
Emission probabilities

<latexit sha1_base64="MroT6FAT7yrxNzUNQiy9fRSPLoo=">AAACFnicbVDLSsNAFJ3UV62vqks3g0VwY0lEqsviA1xWsA9oYplMp+3QySTM3Agl5Cvc+CtuXCjiVtz5N07aItp64MLhnHu59x4/ElyDbX9ZuYXFpeWV/GphbX1jc6u4vdPQYawoq9NQhKrlE80El6wOHARrRYqRwBes6Q8vMr95z5TmobyFUcS8gPQl73FKwEid4tEVdrnE7iUTQO4SNyAwoEQktRS7wAOm8Y/USNNOsWSX7THwPHGmpISmqHWKn243pHHAJFBBtG47dgReQhRwKlhacGPNIkKHpM/ahkpiNnrJ+K0UHxili3uhMiUBj9XfEwkJtB4FvunMbtSzXib+57Vj6J15CZdRDEzSyaJeLDCEOMsId7liFMTIEEIVN7diOiCKUDBJFkwIzuzL86RxXHYq5crNSal6Po0jj/bQPjpEDjpFVXSNaqiOKHpAT+gFvVqP1rP1Zr1PWnPWdGYX/YH18Q1ZNZ+M</latexit>

E 2 �P⇥V
Distribution over first-token POS tag

<latexit sha1_base64="JpvFm0arwYup0bLOYiMRWI3kg98=">AAAB/nicbVBNS8NAEN34WetXVDx5WSxCvZREpHos6sFjBfsBTS2b7aZdutmE3YkQQsG/4sWDIl79Hd78N27bHLT1wcDjvRlm5vmx4Boc59taWl5ZXVsvbBQ3t7Z3du29/aaOEkVZg0YiUm2faCa4ZA3gIFg7VoyEvmAtf3Q98VuPTGkeyXtIY9YNyUDygFMCRurZh3E57bmn2OMSezdMAHnI6uOeXXIqzhR4kbg5KaEc9Z795fUjmoRMAhVE647rxNDNiAJOBRsXvUSzmNARGbCOoZKETHez6fljfGKUPg4iZUoCnqq/JzISap2GvukMCQz1vDcR//M6CQSX3YzLOAEm6WxRkAgMEZ5kgftcMQoiNYRQxc2tmA6JIhRMYkUTgjv/8iJpnlXcaqV6d16qXeVxFNAROkZl5KILVEO3qI4aiKIMPaNX9GY9WS/Wu/Uxa12y8pkD9AfW5w+svZSx</latexit>

p(y1) 2 �P

Hidden Markov Models
<latexit sha1_base64="Aqz5qaehlPnze9t91RvH1rupsVk="></latexit>

p(y1)p(x1 | y1)p(y2 | y1)p(x2 | y2) . . . p(STOP | yn)

<latexit sha1_base64="P4GArwQ3oaXEfJT4toixLcIzE8A=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qnn9Uplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5udOiGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8MrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2naEPwFl9eJs3ziletVO8uyrXrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AEPQo2r</latexit>x1
<latexit sha1_base64="0qSiA+TXOQEOvRSqdJWQbG5jZ2U=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaJQY9ELx4xyiOBDZkdemHC7OxmZtZICJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzcxvPaLSPJYPZpygH9GB5CFn1Fjp/qlX6RVLbtmdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE175Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNStmrlqt3F6XadRZHHk7gFM7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AEMaNrA==</latexit>x2

<latexit sha1_base64="JqfBROLOb2czD3ZfzouPLTuGtec=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BL96MmBckS5idzCZDZh/O9AbDku/w4kERr36MN//GSbIHjRY0FFXddHd5sRQabfvLyq2srq1v5DcLW9s7u3vF/YOmjhLFeINFMlJtj2ouRcgbKFDydqw4DTzJW97oeua3xlxpEYV1nMTcDeggFL5gFI3kdpE/ImJ6X7+tTXvFkl225yB/iZOREmSo9Yqf3X7EkoCHyCTVuuPYMbopVSiY5NNCN9E8pmxEB7xjaEgDrt10fvSUnBilT/xImQqRzNWfEykNtJ4EnukMKA71sjcT//M6CfqXbirCOEEessUiP5EEIzJLgPSF4gzlxBDKlDC3EjakijI0ORVMCM7yy39J86zsVMqVu/NS9SqLIw9HcAyn4MAFVOEGatAABg/wBC/wao2tZ+vNel+05qxs5hB+wfr4Bg/okk4=</latexit>

STOP

<latexit sha1_base64="Ic3fQc2ZUgNQ7Wm0VX8S7mko5fo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2k3bpZhN2N0Io/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHkyXoR3QoecgZNVZ6yPqyX664VXcOskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGn1BlOBM4LfVSjQllYzrErqWSRqj9yfzUKTmzyoCEsbIlDZmrvycmNNI6iwLbGVEz0sveTPzP66YmvPYnXCapQckWi8JUEBOT2d9kwBUyIzJLKFPc3krYiCrKjE2nZEPwll9eJa2Lqler1u4vK/WbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gBtPI3p</latexit>yn
…

<latexit sha1_base64="PrB1/qaS67bSpWzLFnxvl6w+HWQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkmR6rHoxWNF+wFtKJvtpF262YTdjRBKf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/PbT6g0j+WjyRL0IzqUPOSMGis9ZP1qv1R2K+4cZJV4OSlDjka/9NUbxCyNUBomqNZdz02MP6HKcCZwWuylGhPKxnSIXUsljVD7k/mpU3JulQEJY2VLGjJXf09MaKR1FgW2M6JmpJe9mfif101NeO1PuExSg5ItFoWpICYms7/JgCtkRmSWUKa4vZWwEVWUGZtO0YbgLb+8SlrViler1O4vy/WbPI4CnMIZXIAHV1CHO2hAExgM4Rle4c0Rzovz7nwsWtecfOYE/sD5/AESTI2t</latexit>y2
<latexit sha1_base64="M74cN+PpL0MKwannOjHglIwqfQE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2k3bpZhN2N0Io/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHkyXoR3QoecgZNVZ6yPpev1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02MP6HKcCZwWuqlGhPKxnSIXUsljVD7k/mpU3JmlQEJY2VLGjJXf09MaKR1FgW2M6JmpJe9mfif101NeO1PuExSg5ItFoWpICYms7/JgCtkRmSWUKa4vZWwEVWUGZtOyYbgLb+8SloXVa9Wrd1fVuo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AEQyI2s</latexit>y1

Generative story:

Two core questions: 
- how to determine these probabilities? (parameter estimation) 
- how to use this model to map from a sentence to a sequence of POS 
tags? (inference)



Probability of stopping
Transition probabilities
Emission probabilities

First-token POS tag

HMM Parameter Estimation
• Labeled training data: 

• Training objective: maximize joint likelihood of training 
data (maximum likelihood estimation)

<latexit sha1_base64="rQD76pM37C82cztUZTpXd7jTNG4="></latexit>n⇣
x(i), y(i)

⌘oN

i=1

<latexit sha1_base64="MdH9aa5H/etiobyauOJgbRy1euw=">AAACK3icbVDLSsNAFJ34rPUVdelmsAgVpCQi1WWpG5cVrApNDJPppB2cZMLMjVhC/seNv+JCFz5w6384rQGfBwYO59wzM/eEqeAaHOfFmpqemZ2bryxUF5eWV1bttfUzLTNFWZdKIdVFSDQTPGFd4CDYRaoYiUPBzsOro7F/fs2U5jI5hVHK/JgMEh5xSsBIgd32dBYHOS+wJ+QAdzzBIqh70mTGV+aj4jKv851iF39pN6XmKT4Ywk5g15yGMwH+S9yS1FCJTmA/eH1Js5glQAXRuuc6Kfg5UcCpYEXVyzRLCb0iA9YzNCEx034+2bXA20bp40gqcxLAE/V7Iiex1qM4NJMxgaH+7Y3F/7xeBtGhn/MkzYAl9POhKBMYJB4Xh/tcMQpiZAihipu/YjokilAw9VZNCe7vlf+Ss72G22w0T/ZrrXZZRwVtoi1URy46QC10jDqoiyi6RffoCT1bd9aj9Wq9fY5OWWVmA/2A9f4BnKGoiA==</latexit>X

i

logP
⇣
y(i), x(i)

⌘

<latexit sha1_base64="x5DA4ggXjv/wVq+nYuawGVf4A8o="></latexit>

=
NX

i=1

0

@logP
⇣
y(i)1

⌘
+

|x(i)|X

j=1

logP
⇣
x(i)
j | y(i)j

⌘
+

|x(i)|X

j=1

logP
⇣
y(i)j | y(i)j�1

⌘
+ logP (STOP | y(i)|x(i)|)

1

A

<latexit sha1_base64="aJ38VsG4OsYtOgCyMUep6EBgvGg="></latexit>

=
NX

i=1

0

@logP
⇣
y(i)1

⌘
+

|x(i)|X

j=1

logP
⇣
x(i)
j | y(i)j

⌘
+

|x(i)|X

j=1

logP
⇣
y(i)j | y(i)j�1

⌘
+ logP

⇣
STOP | y(i)|x(i)|

⌘
1

A



Count-Based MLE

Similar to count-based n-gram models: just count and 
normalize occurrences: 

• How often does the first token have POS tag p? 

• How often does the sentence stop if we just had tag p? 

• If our current POS tag is p, how often is it followed by p’? 

• If our current POS tag is p, how often does it “emit” word 
x?



Count-Based MLE

they can
N V

they fish
N V

training data

<latexit sha1_base64="n3WXIItU/cYLHDef02gbYYlTDww=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2AdinZNNvGZpMlyQrL0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbS0TRWiLSC5VN8CaciZoyzDDaTdWFEcBp51gcjvzO09UaSbFg0lj6kd4JFjICDZWajer6cA7H5Qrbs2dA60SLycVyNEclL/6Q0mSiApDONa657mx8TOsDCOcTkv9RNMYkwke0Z6lAkdU+9n82ik6s8oQhVLZEgbN1d8TGY60TqPAdkbYjPWyNxP/83qJCa/9jIk4MVSQxaIw4chINHsdDZmixPDUEkwUs7ciMsYKE2MDKtkQvOWXV0n7oubVa/X7y0rjJo+jCCdwClXw4AoacAdNaAGBR3iGV3hzpPPivDsfi9aCk88cwx84nz920o5r</latexit>

P (y1)Count

N 2 1.0

V 0 0.0

start probabilities

transition probabilities

N V STOP

N 0 2 0

V 0 0 2

N V STOP

N 0.0 1.0 0.0

V 0.0 0.0 1.0

<latexit sha1_base64="n3rdL0kk6Nlkzr8Bq7APlf+dr0A=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQF5ZEpLosunFZwT6gDWEymbbTzkzCzEQIof6KGxeKuPVD3Pk3TtsstPXAhcM593LvPUHMqNKO820V1tY3NreK26Wd3b39A/vwqK2iRGLSwhGLZDdAijAqSEtTzUg3lgTxgJFOMLmd+Z1HIhWNxINOY+JxNBR0QDHSRvLtclxN/THscxrC1M/G5+70zLcrTs2ZA64SNycVkKPp21/9MMIJJ0JjhpTquU6svQxJTTEj01I/USRGeIKGpGeoQJwoL5sfP4WnRgnhIJKmhIZz9fdEhrhSKQ9MJ0d6pJa9mfif10v04NrLqIgTTQReLBokDOoIzpKAIZUEa5YagrCk5laIR0girE1eJROCu/zyKmlf1Nx6rX5/WWnc5HEUwTE4AVXggivQAHegCVoAgxQ8g1fwZj1ZL9a79bFoLVj5TBn8gfX5A0UNk+U=</latexit>

p(yj | yj�1)

emission probabilities

they can fish

N 2 0 0

V 0 1 1

they can fish

N 1.0 0.0 0.0

V 0.0 0.5 0.5

<latexit sha1_base64="DYLRnw7YYuVQ0M7k7PQ8opJFnNY=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSxC3ZREpLosunFZwT6gDWEymbbTzkzCzESMoV/ixoUibv0Ud/6N0zYLbT1w4XDOvdx7TxAzqrTjfFuFtfWNza3idmlnd2+/bB8ctlWUSExaOGKR7AZIEUYFaWmqGenGkiAeMNIJJjczv/NApKKRuNdpTDyOhoIOKEbaSL5djquP/hj2OQ1h6o/PfLvi1Jw54Cpxc1IBOZq+/dUPI5xwIjRmSKme68Tay5DUFDMyLfUTRWKEJ2hIeoYKxInysvnhU3hqlBAOImlKaDhXf09kiCuV8sB0cqRHatmbif95vUQPrryMijjRRODFokHCoI7gLAUYUkmwZqkhCEtqboV4hCTC2mRVMiG4yy+vkvZ5za3X6ncXlcZ1HkcRHIMTUAUuuAQNcAuaoAUwSMAzeAVv1pP1Yr1bH4vWgpXPHIE/sD5/AJFFkmY=</latexit>

p(xj | yj)



Smoothing

they can
N V

they fish
N V

training data

<latexit sha1_base64="n3WXIItU/cYLHDef02gbYYlTDww=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2AdinZNNvGZpMlyQrL0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbS0TRWiLSC5VN8CaciZoyzDDaTdWFEcBp51gcjvzO09UaSbFg0lj6kd4JFjICDZWajer6cA7H5Qrbs2dA60SLycVyNEclL/6Q0mSiApDONa657mx8TOsDCOcTkv9RNMYkwke0Z6lAkdU+9n82ik6s8oQhVLZEgbN1d8TGY60TqPAdkbYjPWyNxP/83qJCa/9jIk4MVSQxaIw4chINHsdDZmixPDUEkwUs7ciMsYKE2MDKtkQvOWXV0n7oubVa/X7y0rjJo+jCCdwClXw4AoacAdNaAGBR3iGV3hzpPPivDsfi9aCk88cwx84nz920o5r</latexit>

P (y1)Count

N 3 0.75

V 1 0.25

start probabilities

transition probabilities

N V STOP

N 1 3 1

V 1 1 3

N V STOP

N 0.2 0.6 0.2

V 0.2 0.2 0.6

<latexit sha1_base64="n3rdL0kk6Nlkzr8Bq7APlf+dr0A=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQF5ZEpLosunFZwT6gDWEymbbTzkzCzEQIof6KGxeKuPVD3Pk3TtsstPXAhcM593LvPUHMqNKO820V1tY3NreK26Wd3b39A/vwqK2iRGLSwhGLZDdAijAqSEtTzUg3lgTxgJFOMLmd+Z1HIhWNxINOY+JxNBR0QDHSRvLtclxN/THscxrC1M/G5+70zLcrTs2ZA64SNycVkKPp21/9MMIJJ0JjhpTquU6svQxJTTEj01I/USRGeIKGpGeoQJwoL5sfP4WnRgnhIJKmhIZz9fdEhrhSKQ9MJ0d6pJa9mfif10v04NrLqIgTTQReLBokDOoIzpKAIZUEa5YagrCk5laIR0girE1eJROCu/zyKmlf1Nx6rX5/WWnc5HEUwTE4AVXggivQAHegCVoAgxQ8g1fwZj1ZL9a79bFoLVj5TBn8gfX5A0UNk+U=</latexit>

p(yj | yj�1)

emission probabilities

they can fish

N 3 1 1

V 1 2 2

they can fish

N 0.6 0.2 0.2

V 0.2 0.4 0.4

<latexit sha1_base64="DYLRnw7YYuVQ0M7k7PQ8opJFnNY=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSxC3ZREpLosunFZwT6gDWEymbbTzkzCzESMoV/ixoUibv0Ud/6N0zYLbT1w4XDOvdx7TxAzqrTjfFuFtfWNza3idmlnd2+/bB8ctlWUSExaOGKR7AZIEUYFaWmqGenGkiAeMNIJJjczv/NApKKRuNdpTDyOhoIOKEbaSL5djquP/hj2OQ1h6o/PfLvi1Jw54Cpxc1IBOZq+/dUPI5xwIjRmSKme68Tay5DUFDMyLfUTRWKEJ2hIeoYKxInysvnhU3hqlBAOImlKaDhXf09kiCuV8sB0cqRHatmbif95vUQPrryMijjRRODFokHCoI7gLAUYUkmwZqkhCEtqboV4hCTC2mRVMiG4yy+vkvZ5za3X6ncXlcZ1HkcRHIMTUAUuuAQNcAuaoAUwSMAzeAVv1pP1Yr1bH4vWgpXPHIE/sD5/AJFFkmY=</latexit>

p(xj | yj)



Joint Probability of  
a Tagged Sequence

they can
N V

they fish
N V

training data

<latexit sha1_base64="n3WXIItU/cYLHDef02gbYYlTDww=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2AdinZNNvGZpMlyQrL0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbS0TRWiLSC5VN8CaciZoyzDDaTdWFEcBp51gcjvzO09UaSbFg0lj6kd4JFjICDZWajer6cA7H5Qrbs2dA60SLycVyNEclL/6Q0mSiApDONa657mx8TOsDCOcTkv9RNMYkwke0Z6lAkdU+9n82ik6s8oQhVLZEgbN1d8TGY60TqPAdkbYjPWyNxP/83qJCa/9jIk4MVSQxaIw4chINHsdDZmixPDUEkwUs7ciMsYKE2MDKtkQvOWXV0n7oubVa/X7y0rjJo+jCCdwClXw4AoacAdNaAGBR3iGV3hzpPPivDsfi9aCk88cwx84nz920o5r</latexit>

P (y1)Count

N 3 0.75

V 1 0.25

start probabilities

transition probabilities

N V STOP

N 0.2 0.6 0.2

V 0.2 0.2 0.6

<latexit sha1_base64="n3rdL0kk6Nlkzr8Bq7APlf+dr0A=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQF5ZEpLosunFZwT6gDWEymbbTzkzCzEQIof6KGxeKuPVD3Pk3TtsstPXAhcM593LvPUHMqNKO820V1tY3NreK26Wd3b39A/vwqK2iRGLSwhGLZDdAijAqSEtTzUg3lgTxgJFOMLmd+Z1HIhWNxINOY+JxNBR0QDHSRvLtclxN/THscxrC1M/G5+70zLcrTs2ZA64SNycVkKPp21/9MMIJJ0JjhpTquU6svQxJTTEj01I/USRGeIKGpGeoQJwoL5sfP4WnRgnhIJKmhIZz9fdEhrhSKQ9MJ0d6pJa9mfif10v04NrLqIgTTQReLBokDOoIzpKAIZUEa5YagrCk5laIR0girE1eJROCu/zyKmlf1Nx6rX5/WWnc5HEUwTE4AVXggivQAHegCVoAgxQ8g1fwZj1ZL9a79bFoLVj5TBn8gfX5A0UNk+U=</latexit>

p(yj | yj�1)

emission probabilities

they can fish

N 0.6 0.2 0.2

V 0.2 0.4 0.4

<latexit sha1_base64="DYLRnw7YYuVQ0M7k7PQ8opJFnNY=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSxC3ZREpLosunFZwT6gDWEymbbTzkzCzESMoV/ixoUibv0Ud/6N0zYLbT1w4XDOvdx7TxAzqrTjfFuFtfWNza3idmlnd2+/bB8ctlWUSExaOGKR7AZIEUYFaWmqGenGkiAeMNIJJjczv/NApKKRuNdpTDyOhoIOKEbaSL5djquP/hj2OQ1h6o/PfLvi1Jw54Cpxc1IBOZq+/dUPI5xwIjRmSKme68Tay5DUFDMyLfUTRWKEJ2hIeoYKxInysvnhU3hqlBAOImlKaDhXf09kiCuV8sB0cqRHatmbif95vUQPrryMijjRRODFokHCoI7gLAUYUkmwZqkhCEtqboV4hCTC2mRVMiG4yy+vkvZ5za3X6ncXlcZ1HkcRHIMTUAUuuAQNcAuaoAUwSMAzeAVv1pP1Yr1bH4vWgpXPHIE/sD5/AJFFkmY=</latexit>

p(xj | yj)

they can fish
N V V

<latexit sha1_base64="Bpl24OF3zsWgXXTmkdQN6DBAVss=">AAACCHicbVDNS8MwHE3n15xfVY8eDA5hgoxWZHoRhl48TnAfsJWRZukWljYlScVSevTiv+LFgyJe/RO8+d+YbgV180Hg5b3fI/k9N2RUKsv6MgoLi0vLK8XV0tr6xuaWub3TkjwSmDQxZ1x0XCQJowFpKqoY6YSCIN9lpO2OrzK/fUeEpDy4VXFIHB8NA+pRjJSW+uZ+o9LjeiDLJ3F6DH9u9+kRvOibZatqTQDniZ2TMsjR6JufvQHHkU8ChRmSsmtboXISJBTFjKSlXiRJiPAYDUlX0wD5RDrJZJEUHmplAD0u9AkUnKi/EwnypYx9V0/6SI3krJeJ/3ndSHnnTkKDMFIkwNOHvIhBxWHWChxQQbBisSYIC6r/CvEICYSV7q6kS7BnV54nrZOqXavWbk7L9cu8jiLYAwegAmxwBurgGjRAE2DwAJ7AC3g1Ho1n4814n44WjDyzC/7A+PgGZj+Zlw==</latexit>

P (y, x) =



Problem: can’t just search over all possible 
<latexit sha1_base64="t1r+xyp4fh4MMKIg5NK8mIenleE=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ie0oWw2m3bp7ibsboQQ+iu8eFDEqz/Hm//GbZuDtj4YeLw3w8y8IOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoo+NUEdomMY9VL8CaciZp2zDDaS9RFIuA024wuZ353SeqNIvlg8kS6gs8kixiBBsrPQ4M4yHNs+mwWnPr7hxolXgFqUGB1rD6NQhjkgoqDeFY677nJsbPsTKMcDqtDFJNE0wmeET7lkosqPbz+cFTdGaVEEWxsiUNmqu/J3IstM5EYDsFNmO97M3E/7x+aqJrP2cySQ2VZLEoSjkyMZp9j0KmKDE8swQTxeytiIyxwsTYjCo2BG/55VXSuah7jXrj/rLWvCniKMMJnMI5eHAFTbiDFrSBgIBneIU3RzkvzrvzsWgtOcXMMfyB8/kDSHSQvg==</latexit>

ỹ

Decoding

• Problem: find

<latexit sha1_base64="8PG/tbUlSNnQosLUT2ui/40t3wc=">AAACBnicbVBLSwMxGMzWV62vVY8iBItQQcquSPVY9OKxgn1Au5Rsmm1Ds8mSZMVl6cmLf8WLB0W8+hu8+W/MtgtqdSAwmfmG5Bs/YlRpx/m0CguLS8srxdXS2vrG5pa9vdNSIpaYNLFgQnZ8pAijnDQ11Yx0IklQ6DPS9seXmd++JVJRwW90EhEvRENOA4qRNlLf3m9UesIMZPn0bnIMv2/J5Khvl52qMwX8S9yclEGORt/+6A0EjkPCNWZIqa7rRNpLkdQUMzIp9WJFIoTHaEi6hnIUEuWl0zUm8NAoAxgIaQ7XcKr+TKQoVCoJfTMZIj1S814m/ud1Yx2ceynlUawJx7OHgphBLWDWCRxQSbBmiSEIS2r+CvEISYS1aa5kSnDnV/5LWidVt1atXZ+W6xd5HUWwBw5ABbjgDNTBFWiAJsDgHjyCZ/BiPVhP1qv1NhstWHlmF/yC9f4Fd/qZJg==</latexit>

P (x, y)
<latexit sha1_base64="Aqz5qaehlPnze9t91RvH1rupsVk="></latexit>

p(y1)p(x1 | y1)p(y2 | y1)p(x2 | y2) . . . p(STOP | yn)=

<latexit sha1_base64="IoG4vN5fKqvHJUeB0p3cP5r5ixw=">AAACKXicbVDLSgMxFM34rPU16tJNsAh1U2ZEqsuiG5cV7AM6pWQymTY08yC5Iy3D/I4bf8WNgqJu/REzbcHaeiBwcu65yb3HjQVXYFmfxsrq2vrGZmGruL2zu7dvHhw2VZRIyho0EpFsu0QxwUPWAA6CtWPJSOAK1nKHN3m99cCk4lF4D+OYdQPSD7nPKQEt9cyaA2wEKZH9DDsBGfVSJ9L+/Ll0nGW4Xp6/awv38K8yys56ZsmqWBPgZWLPSAnNUO+Zr44X0SRgIVBBlOrYVgxdPQFwKlhWdBLFYkKHpM86moYkYKqbTjbN8KlWPOxHUp8Q8ESd70hJoNQ4cLUzIDBQi7Vc/K/WScC/6qY8jBNgIZ1+5CcCQ4Tz2LDHJaMgxpoQKrmeFdMBkYSCDreoQ7AXV14mzfOKXa1U7y5KtetZHAV0jE5QGdnoEtXQLaqjBqLoET2jN/RuPBkvxofxNbWuGLOeI/QHxvcPzAioyw==</latexit>

argmax
y

P (y | x)

<latexit sha1_base64="tDXL+fQs4wMpkui0GpzfwSRElKs=">AAACJnicbVDJSgNBEO2JW4xb1KOXxiBEkDAjEr0Egl48RjALZIahp9NJmvQsdNdIwjBf48Vf8eIhIuLNT7GzgDGxoOHVq3pVXc+LBFdgml9GZm19Y3Mru53b2d3bP8gfHjVUGEvK6jQUoWx5RDHBA1YHDoK1IsmI7wnW9AZ3k3rziUnFw+ARRhFzfNILeJdTAppy85UKtoENISGyl2LbJ0M3sUOtmAxMRmlaKy6mF/g3G6bnbr5glsxp4FVgzUEBzaPm5sd2J6SxzwKggijVtswIHL0cOBUszdmxYhGhA9JjbQ0D4jPlJNMzU3ymmQ7uhlK/APCUXVQkxFdq5Hu60yfQV8u1CflfrR1D98ZJeBDFwAI6W9SNBYYQTzzDHS4ZBTHSgFDJ9V8x7RNJKGhnc9oEa/nkVdC4LFnlUvnhqlC9nduRRSfoFBWRha5RFd2jGqojip7RKxqjd+PFeDM+jM9Za8aYa47RnzC+fwAGM6dg</latexit>

= argmax
y

P (y, x)

<latexit sha1_base64="s5D7mMRF5y7blDTRXn9qMIOCgAA="></latexit>

= argmax
y

P (y, x)

P (x)
(Bayes 
rule)

<latexit sha1_base64="DJMVxdCAXh0JO/LIghcFuUn9QGs=">AAACLHicbVDLSgMxFM3UV62vqks3wSJUkDIjUt0IxW5cVrAP6JSSSdM2NDMZkjvSMswHufFXBHFhEbd+h+kDrK0XAifn3JPce7xQcA22PbZSa+sbm1vp7czO7t7+QfbwqKZlpCirUimkanhEM8EDVgUOgjVCxYjvCVb3BuWJXn9iSnMZPMIoZC2f9ALe5ZSAodrZ8i12gQ0hJqqXYNcnw3bsSuOYPBiPEsMJ2cOV/CJ5gX9vw+S8nc3ZBXtaeBU4c5BD86q0s29uR9LIZwFQQbRuOnYILTMCcCpYknEjzUJCB6THmgYGxGe6FU+XTfCZYTq4K5U5AeApu+iIia/1yPdMp0+gr5e1Cfmf1oyge9OKeRBGwAI6+6gbCQwST5LDHa4YBTEygFDFzayY9okiFEy+GROCs7zyKqhdFpxiofhwlSvdzeNIoxN0ivLIQdeohO5RBVURRc/oFX2gsfVivVuf1tesNWXNPcfoT1nfP0SCqXo=</latexit>

= argmax
y

logP (y, x)

<latexit sha1_base64="9UgKlIQVsQh/6Nj8Ljh7rL0BZzw="></latexit>

= arg max
ỹ1,...,ỹn

(logP (ỹ1) + logP (x1 | ỹ1) + logP (ỹ2 | ỹ1) . . . )



Viterbi Algorithm

• Main principle: dynamic programming 

• Define                      , where          is the score of the best 
path ending in    at time i 

• Base case:

<latexit sha1_base64="t1r+xyp4fh4MMKIg5NK8mIenleE=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ie0oWw2m3bp7ibsboQQ+iu8eFDEqz/Hm//GbZuDtj4YeLw3w8y8IOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoo+NUEdomMY9VL8CaciZp2zDDaS9RFIuA024wuZ353SeqNIvlg8kS6gs8kixiBBsrPQ4M4yHNs+mwWnPr7hxolXgFqUGB1rD6NQhjkgoqDeFY677nJsbPsTKMcDqtDFJNE0wmeET7lkosqPbz+cFTdGaVEEWxsiUNmqu/J3IstM5EYDsFNmO97M3E/7x+aqJrP2cySQ2VZLEoSjkyMZp9j0KmKDE8swQTxeytiIyxwsTYjCo2BG/55VXSuah7jXrj/rLWvCniKMMJnMI5eHAFTbiDFrSBgIBneIU3RzkvzrvzsWgtOcXMMfyB8/kDSHSQvg==</latexit>

ỹ

<latexit sha1_base64="tGhPXqxrMDcPLHfOgI/FuAM+VmM=">AAACKXicbZDLSsNAFIYn9VbrLerSzWARKkJJRKoboejGZQV7gSaEyWTSDp1cmJkUQ+jruPFV3Cgo6tYXcdpGrK0HBn7+7xzOnN+NGRXSMD60wtLyyupacb20sbm1vaPv7rVElHBMmjhiEe+4SBBGQ9KUVDLSiTlBgctI2x1cj3l7SLigUXgn05jYAeqF1KcYSWU5en3omLBiSco8kqWjY3gJLRb1YKNyr4AVUA/OwJMf+Os5etmoGpOCi8LMRRnk1XD0F8uLcBKQUGKGhOiaRiztDHFJMSOjkpUIEiM8QD3SVTJEARF2Nrl0BI+U40E/4uqFEk7c2YkMBUKkgas6AyT7Yp6Nzf9YN5H+hZ3RME4kCfF0kZ8wKCM4jg16lBMsWaoEwpyqv0LcRxxhqcItqRDM+ZMXReu0ataqtduzcv0qj6MIDsAhqAATnIM6uAEN0AQYPIAn8AretEftWXvXPqetBS2f2Qd/Svv6BizzpM4=</latexit>

v1(ỹ) = logP (x1 | ỹ) + logP (ỹ)

<latexit sha1_base64="yiIJYBRj7AfMz679SjLfd8qpou0=">AAACH3icbVC7TsMwFHV4lvIKMLJYVEhMVYJQYaxgYSyIPqQmVI7rtFYdJ7KdiirJn7DwKywMIITY+jc4aQdoOZKlo3Pu9b33eBGjUlnW1FhZXVvf2Cxtlbd3dvf2zYPDlgxjgUkThywUHQ9JwignTUUVI51IEBR4jLS90U3ut8dESBryBzWJiBugAac+xUhpqWfWxtChHDoBUkPPS+6zxyR1Qt2Rf5g8ZSl0FA2IhGlRghFLGlma9cyKVbUKwGViz0kFzNHomd9OP8RxQLjCDEnZta1IuQkSimJGsrITSxIhPEID0tWUIz3TTYr7MniqlT70Q6EfV7BQf3ckKJByEni6Ml9SLnq5+J/XjZV/5SaUR7EiHM8G+TGDKoR5WLBPBcGKTTRBWFC9K8RDJBBWOtKyDsFePHmZtM6rdq1au7uo1K/ncZTAMTgBZ8AGl6AObkEDNAEGz+AVvIMP48V4Mz6Nr1npijHvOQJ/YEx/AG71pIE=</latexit>

v 2 R|x|⇥|P|
<latexit sha1_base64="neuufQLiqIH7OCDN5CJ9GQWTLFk=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBahXkoiUj0WvXisYD+gjWWz2bRLN5uwu6mE0P/hxYMiXv0v3vw3btsctPXBwOO9GWbmeTFnStv2t1VYW9/Y3Cpul3Z29/YPyodHbRUlktAWiXgkux5WlDNBW5ppTruxpDj0OO1449uZ35lQqVgkHnQaUzfEQ8ECRrA20uNkwKp9zbhPs3R6PihX7Jo9B1olTk4qkKM5KH/1/YgkIRWacKxUz7Fj7WZYakY4nZb6iaIxJmM8pD1DBQ6pcrP51VN0ZhQfBZE0JTSaq78nMhwqlYae6QyxHqllbyb+5/USHVy7GRNxoqkgi0VBwpGO0CwC5DNJieapIZhIZm5FZIQlJtoEVTIhOMsvr5L2Rc2p1+r3l5XGTR5HEU7gFKrgwBU04A6a0AICEp7hFd6sJ+vFerc+Fq0FK585hj+wPn8AcpmSfw==</latexit>

vi(ỹ)



Viterbi Algorithm

• Main principle: dynamic programming 

• Define                      , where          is the score of the best 
path ending in    at time i 

• Base case: 

• Recurrence:  

<latexit sha1_base64="t1r+xyp4fh4MMKIg5NK8mIenleE=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ie0oWw2m3bp7ibsboQQ+iu8eFDEqz/Hm//GbZuDtj4YeLw3w8y8IOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoo+NUEdomMY9VL8CaciZp2zDDaS9RFIuA024wuZ353SeqNIvlg8kS6gs8kixiBBsrPQ4M4yHNs+mwWnPr7hxolXgFqUGB1rD6NQhjkgoqDeFY677nJsbPsTKMcDqtDFJNE0wmeET7lkosqPbz+cFTdGaVEEWxsiUNmqu/J3IstM5EYDsFNmO97M3E/7x+aqJrP2cySQ2VZLEoSjkyMZp9j0KmKDE8swQTxeytiIyxwsTYjCo2BG/55VXSuah7jXrj/rLWvCniKMMJnMI5eHAFTbiDFrSBgIBneIU3RzkvzrvzsWgtOcXMMfyB8/kDSHSQvg==</latexit>

ỹ

<latexit sha1_base64="tGhPXqxrMDcPLHfOgI/FuAM+VmM=">AAACKXicbZDLSsNAFIYn9VbrLerSzWARKkJJRKoboejGZQV7gSaEyWTSDp1cmJkUQ+jruPFV3Cgo6tYXcdpGrK0HBn7+7xzOnN+NGRXSMD60wtLyyupacb20sbm1vaPv7rVElHBMmjhiEe+4SBBGQ9KUVDLSiTlBgctI2x1cj3l7SLigUXgn05jYAeqF1KcYSWU5en3omLBiSco8kqWjY3gJLRb1YKNyr4AVUA/OwJMf+Os5etmoGpOCi8LMRRnk1XD0F8uLcBKQUGKGhOiaRiztDHFJMSOjkpUIEiM8QD3SVTJEARF2Nrl0BI+U40E/4uqFEk7c2YkMBUKkgas6AyT7Yp6Nzf9YN5H+hZ3RME4kCfF0kZ8wKCM4jg16lBMsWaoEwpyqv0LcRxxhqcItqRDM+ZMXReu0ataqtduzcv0qj6MIDsAhqAATnIM6uAEN0AQYPIAn8AretEftWXvXPqetBS2f2Qd/Svv6BizzpM4=</latexit>

v1(ỹ) = logP (x1 | ỹ) + logP (ỹ)

<latexit sha1_base64="M7hZXzzzwymmnfCHesOvwGS2sKg="></latexit>

vi(ỹ) = logP (xi | ỹ) + max
ỹprev

(logP (ỹ | ỹprev) + vi�1(ỹprev))

<latexit sha1_base64="yiIJYBRj7AfMz679SjLfd8qpou0=">AAACH3icbVC7TsMwFHV4lvIKMLJYVEhMVYJQYaxgYSyIPqQmVI7rtFYdJ7KdiirJn7DwKywMIITY+jc4aQdoOZKlo3Pu9b33eBGjUlnW1FhZXVvf2Cxtlbd3dvf2zYPDlgxjgUkThywUHQ9JwignTUUVI51IEBR4jLS90U3ut8dESBryBzWJiBugAac+xUhpqWfWxtChHDoBUkPPS+6zxyR1Qt2Rf5g8ZSl0FA2IhGlRghFLGlma9cyKVbUKwGViz0kFzNHomd9OP8RxQLjCDEnZta1IuQkSimJGsrITSxIhPEID0tWUIz3TTYr7MniqlT70Q6EfV7BQf3ckKJByEni6Ml9SLnq5+J/XjZV/5SaUR7EiHM8G+TGDKoR5WLBPBcGKTTRBWFC9K8RDJBBWOtKyDsFePHmZtM6rdq1au7uo1K/ncZTAMTgBZ8AGl6AObkEDNAEGz+AVvIMP48V4Mz6Nr1npijHvOQJ/YEx/AG71pIE=</latexit>

v 2 R|x|⇥|P|
<latexit sha1_base64="neuufQLiqIH7OCDN5CJ9GQWTLFk=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBahXkoiUj0WvXisYD+gjWWz2bRLN5uwu6mE0P/hxYMiXv0v3vw3btsctPXBwOO9GWbmeTFnStv2t1VYW9/Y3Cpul3Z29/YPyodHbRUlktAWiXgkux5WlDNBW5ppTruxpDj0OO1449uZ35lQqVgkHnQaUzfEQ8ECRrA20uNkwKp9zbhPs3R6PihX7Jo9B1olTk4qkKM5KH/1/YgkIRWacKxUz7Fj7WZYakY4nZb6iaIxJmM8pD1DBQ6pcrP51VN0ZhQfBZE0JTSaq78nMhwqlYae6QyxHqllbyb+5/USHVy7GRNxoqkgi0VBwpGO0CwC5DNJieapIZhIZm5FZIQlJtoEVTIhOMsvr5L2Rc2p1+r3l5XGTR5HEU7gFKrgwBU04A6a0AICEp7hFd6sJ+vFerc+Fq0FK585hj+wPn8AcpmSfw==</latexit>

vi(ỹ)



Viterbi Algorithm

• Why does this work? 

• The best tag sequence has the score:

<latexit sha1_base64="tGhPXqxrMDcPLHfOgI/FuAM+VmM=">AAACKXicbZDLSsNAFIYn9VbrLerSzWARKkJJRKoboejGZQV7gSaEyWTSDp1cmJkUQ+jruPFV3Cgo6tYXcdpGrK0HBn7+7xzOnN+NGRXSMD60wtLyyupacb20sbm1vaPv7rVElHBMmjhiEe+4SBBGQ9KUVDLSiTlBgctI2x1cj3l7SLigUXgn05jYAeqF1KcYSWU5en3omLBiSco8kqWjY3gJLRb1YKNyr4AVUA/OwJMf+Os5etmoGpOCi8LMRRnk1XD0F8uLcBKQUGKGhOiaRiztDHFJMSOjkpUIEiM8QD3SVTJEARF2Nrl0BI+U40E/4uqFEk7c2YkMBUKkgas6AyT7Yp6Nzf9YN5H+hZ3RME4kCfF0kZ8wKCM4jg16lBMsWaoEwpyqv0LcRxxhqcItqRDM+ZMXReu0ataqtduzcv0qj6MIDsAhqAATnIM6uAEN0AQYPIAn8AretEftWXvXPqetBS2f2Qd/Svv6BizzpM4=</latexit>

v1(ỹ) = logP (x1 | ỹ) + logP (ỹ)
<latexit sha1_base64="M7hZXzzzwymmnfCHesOvwGS2sKg="></latexit>

vi(ỹ) = logP (xi | ỹ) + max
ỹprev

(logP (ỹ | ỹprev) + vi�1(ỹprev))

<latexit sha1_base64="ELCep1BF+r+HJMQA8KjIBQfluw0="> ckYi0ifcO/C+e5F37n/wf/gXfn9h9b1lzxvyoPxf/wFqxcvr</latexit>

max
ỹn,...,ỹ1

(logP (STOP | ỹn) + logP (xn | ỹn) + · · ·+ logP (x1 | ỹ1) + logP (ỹ1))

<latexit sha1_base64="qlVenFKkK/II0+JNLm0lirFTaxs="></latexit>

max
ỹn,...,ỹ2

(logP (STOP | ỹn) + logP (xn | ỹn) + . . . ) + max
ỹ1

(logP (x1 | ỹ1) + logP (ỹ1))
<latexit sha1_base64="qlVenFKkK/II0+JNLm0lirFTaxs="></latexit>

max
ỹn,...,ỹ2

(logP (STOP | ỹn) + logP (xn | ỹn) + . . . ) + max
ỹ1

(logP (x1 | ỹ1) + logP (ỹ1))

=



Viterbi Algorithm

• Why does this work? 

• The best tag sequence has the score:

<latexit sha1_base64="tGhPXqxrMDcPLHfOgI/FuAM+VmM=">AAACKXicbZDLSsNAFIYn9VbrLerSzWARKkJJRKoboejGZQV7gSaEyWTSDp1cmJkUQ+jruPFV3Cgo6tYXcdpGrK0HBn7+7xzOnN+NGRXSMD60wtLyyupacb20sbm1vaPv7rVElHBMmjhiEe+4SBBGQ9KUVDLSiTlBgctI2x1cj3l7SLigUXgn05jYAeqF1KcYSWU5en3omLBiSco8kqWjY3gJLRb1YKNyr4AVUA/OwJMf+Os5etmoGpOCi8LMRRnk1XD0F8uLcBKQUGKGhOiaRiztDHFJMSOjkpUIEiM8QD3SVTJEARF2Nrl0BI+U40E/4uqFEk7c2YkMBUKkgas6AyT7Yp6Nzf9YN5H+hZ3RME4kCfF0kZ8wKCM4jg16lBMsWaoEwpyqv0LcRxxhqcItqRDM+ZMXReu0ataqtduzcv0qj6MIDsAhqAATnIM6uAEN0AQYPIAn8AretEftWXvXPqetBS2f2Qd/Svv6BizzpM4=</latexit>

v1(ỹ) = logP (x1 | ỹ) + logP (ỹ)
<latexit sha1_base64="M7hZXzzzwymmnfCHesOvwGS2sKg="></latexit>

vi(ỹ) = logP (xi | ỹ) + max
ỹprev

(logP (ỹ | ỹprev) + vi�1(ỹprev))

<latexit sha1_base64="ELCep1BF+r+HJMQA8KjIBQfluw0="> ckYi0ifcO/C+e5F37n/wf/gXfn9h9b1lzxvyoPxf/wFqxcvr</latexit>

max
ỹn,...,ỹ1

(logP (STOP | ỹn) + logP (xn | ỹn) + · · ·+ logP (x1 | ỹ1) + logP (ỹ1))

<latexit sha1_base64="8dardd6rgD02hFQQw8YQddApuZ8=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0WoCCURqS6LblxWsA9oQphMJu3QyYOZSTGErN34K25cKOLWL3Dn3zhtg2jrgQtnzrmXufe4MaNCGsaXVlpaXlldK69XNja3tnf03b2OiBKOSRtHLOI9FwnCaEjakkpGejEnKHAZ6bqj64nfHRMuaBTeyTQmdoAGIfUpRlJJjn54Cq0A3TuZJSnzSJbmORw7Zu3neeLoVaNuTAEXiVmQKijQcvRPy4twEpBQYoaE6JtGLO0McUkxI3nFSgSJER6hAekrGqKACDubnpLDY6V40I+4qlDCqfp7IkOBEGngqs4AyaGY9ybif14/kf6lndEwTiQJ8ewjP2FQRnCSC/QoJ1iyVBGEOVW7QjxEHGGp0quoEMz5kxdJ56xuNuqN2/Nq86qIowwOwBGoARNcgCa4AS3QBhg8gCfwAl61R+1Ze9PeZ60lrZjZB3+gfXwD+t+aeQ==</latexit>

+max
ỹ

v1(ỹ)

<latexit sha1_base64="r0UAoCptnI7hv1NNr9tTylZCDyY="></latexit>

= max
ỹn,...,ỹ2

✓
logP (STOP | ỹn) + logP (xn | ỹn) + · · ·+ logP (x2 | ỹ2) + logP (ỹ2 | argmax

ỹ
v1(ỹ))

◆<latexit sha1_base64="l4pMWZD2NEZR7NFFEClQY1ETvaE="></latexit>

= max
ỹn,...,ỹ2

✓
logP (STOP | ỹn) + logP (xn | ỹn) + · · ·+ logP (x2 | ỹ2) + logP

✓
ỹ2 | argmax

ỹ
v1(ỹ)

◆◆



Viterbi Algorithm

• Why does this work? 

• The best tag sequence has the score:

<latexit sha1_base64="tGhPXqxrMDcPLHfOgI/FuAM+VmM=">AAACKXicbZDLSsNAFIYn9VbrLerSzWARKkJJRKoboejGZQV7gSaEyWTSDp1cmJkUQ+jruPFV3Cgo6tYXcdpGrK0HBn7+7xzOnN+NGRXSMD60wtLyyupacb20sbm1vaPv7rVElHBMmjhiEe+4SBBGQ9KUVDLSiTlBgctI2x1cj3l7SLigUXgn05jYAeqF1KcYSWU5en3omLBiSco8kqWjY3gJLRb1YKNyr4AVUA/OwJMf+Os5etmoGpOCi8LMRRnk1XD0F8uLcBKQUGKGhOiaRiztDHFJMSOjkpUIEiM8QD3SVTJEARF2Nrl0BI+U40E/4uqFEk7c2YkMBUKkgas6AyT7Yp6Nzf9YN5H+hZ3RME4kCfF0kZ8wKCM4jg16lBMsWaoEwpyqv0LcRxxhqcItqRDM+ZMXReu0ataqtduzcv0qj6MIDsAhqAATnIM6uAEN0AQYPIAn8AretEftWXvXPqetBS2f2Qd/Svv6BizzpM4=</latexit>

v1(ỹ) = logP (x1 | ỹ) + logP (ỹ)
<latexit sha1_base64="M7hZXzzzwymmnfCHesOvwGS2sKg="></latexit>

vi(ỹ) = logP (xi | ỹ) + max
ỹprev

(logP (ỹ | ỹprev) + vi�1(ỹprev))

<latexit sha1_base64="ELCep1BF+r+HJMQA8KjIBQfluw0="> ckYi0ifcO/C+e5F37n/wf/gXfn9h9b1lzxvyoPxf/wFqxcvr</latexit>

max
ỹn,...,ỹ1

(logP (STOP | ỹn) + logP (xn | ỹn) + · · ·+ logP (x1 | ỹ1) + logP (ỹ1))

<latexit sha1_base64="8dardd6rgD02hFQQw8YQddApuZ8=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0WoCCURqS6LblxWsA9oQphMJu3QyYOZSTGErN34K25cKOLWL3Dn3zhtg2jrgQtnzrmXufe4MaNCGsaXVlpaXlldK69XNja3tnf03b2OiBKOSRtHLOI9FwnCaEjakkpGejEnKHAZ6bqj64nfHRMuaBTeyTQmdoAGIfUpRlJJjn54Cq0A3TuZJSnzSJbmORw7Zu3neeLoVaNuTAEXiVmQKijQcvRPy4twEpBQYoaE6JtGLO0McUkxI3nFSgSJER6hAekrGqKACDubnpLDY6V40I+4qlDCqfp7IkOBEGngqs4AyaGY9ybif14/kf6lndEwTiQJ8ewjP2FQRnCSC/QoJ1iyVBGEOVW7QjxEHGGp0quoEMz5kxdJ56xuNuqN2/Nq86qIowwOwBGoARNcgCa4AS3QBhg8gCfwAl61R+1Ze9PeZ60lrZjZB3+gfXwD+t+aeQ==</latexit>

+max
ỹ

v1(ỹ)

<latexit sha1_base64="r0UAoCptnI7hv1NNr9tTylZCDyY="></latexit>

= max
ỹn,...,ỹ2

✓
logP (STOP | ỹn) + logP (xn | ỹn) + · · ·+ logP (x2 | ỹ2) + logP (ỹ2 | argmax

ỹ
v1(ỹ))

◆

<latexit sha1_base64="l4pMWZD2NEZR7NFFEClQY1ETvaE="></latexit>

= max
ỹn,...,ỹ2

✓
logP (STOP | ỹn) + logP (xn | ỹn) + · · ·+ logP (x2 | ỹ2) + logP

✓
ỹ2 | argmax

ỹ
v1(ỹ)

◆◆



Viterbi Algorithm: 
Step-by-Step

To compute             :  

v =  
for i = 1 ...   
for   in   
if i == 1: 

else: 

return 

<latexit sha1_base64="CVeWWkNciCo31HUmZXaKOrACwMk=">AAAB9XicbVDLTgIxFL2DL8QX6tJNIzFxRWaMQZdENy4xkUcCSDqlAw2ddtJ2VDLwH25caIxb/8Wdf2MHZqHgSZqcnHNP7u3xI860cd1vJ7eyura+kd8sbG3v7O4V9w8aWsaK0DqRXKqWjzXlTNC6YYbTVqQoDn1Om/7oOvWbD1RpJsWdGUe0G+KBYAEj2FjpftKR1k3DydN00iuW3LI7A1omXkZKkKHWK351+pLEIRWGcKx123Mj002wMoxwOi10Yk0jTEZ4QNuWChxS3U1mV0/RiVX6KJDKPmHQTP2dSHCo9Tj07WSIzVAveqn4n9eOTXDZTZiIYkMFmS8KYo6MRGkFqM8UJYaPLcFEMXsrIkOsMDG2qIItwVv88jJpnJW9Srlye16qXmV15OEIjuEUPLiAKtxADepAQMEzvMKb8+i8OO/Ox3w052SZQ/gD5/MHkHyTOQ==</latexit>

|x|
<latexit sha1_base64="t1r+xyp4fh4MMKIg5NK8mIenleE=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ie0oWw2m3bp7ibsboQQ+iu8eFDEqz/Hm//GbZuDtj4YeLw3w8y8IOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoo+NUEdomMY9VL8CaciZp2zDDaS9RFIuA024wuZ353SeqNIvlg8kS6gs8kixiBBsrPQ4M4yHNs+mwWnPr7hxolXgFqUGB1rD6NQhjkgoqDeFY677nJsbPsTKMcDqtDFJNE0wmeET7lkosqPbz+cFTdGaVEEWxsiUNmqu/J3IstM5EYDsFNmO97M3E/7x+aqJrP2cySQ2VZLEoSjkyMZp9j0KmKDE8swQTxeytiIyxwsTYjCo2BG/55VXSuah7jXrj/rLWvCniKMMJnMI5eHAFTbiDFrSBgIBneIU3RzkvzrvzsWgtOcXMMfyB8/kDSHSQvg==</latexit>

ỹ
<latexit sha1_base64="WytS3rix06k092gwNjTZbcbzvoQ=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRKR6rLoxmUF+4A2lMl00g6dzISZG6GEfoYbF4q49Wvc+TdO2iy0emDgcM69zLknTAQ36HlfTmltfWNzq7xd2dnd2z+oHh51jEo1ZW2qhNK9kBgmuGRt5ChYL9GMxKFg3XB6m/vdR6YNV/IBZwkLYjKWPOKUoJX6g5jghBKRtebDas2rewu4f4lfkBoUaA2rn4ORomnMJFJBjOn7XoJBRjRyKti8MkgNSwidkjHrWypJzEyQLSLP3TOrjNxIafskugv150ZGYmNmcWgn84hm1cvF/7x+itF1kHGZpMgkXX4UpcJF5eb3uyOuGUUxs4RQzW1Wl06IJhRtSxVbgr968l/Suaj7jXrj/rLWvCnqKMMJnMI5+HAFTbiDFrSBgoIneIFXB51n5815X46WnGLnGH7B+fgGiquRcQ==</latexit>P

<latexit sha1_base64="tGhPXqxrMDcPLHfOgI/FuAM+VmM=">AAACKXicbZDLSsNAFIYn9VbrLerSzWARKkJJRKoboejGZQV7gSaEyWTSDp1cmJkUQ+jruPFV3Cgo6tYXcdpGrK0HBn7+7xzOnN+NGRXSMD60wtLyyupacb20sbm1vaPv7rVElHBMmjhiEe+4SBBGQ9KUVDLSiTlBgctI2x1cj3l7SLigUXgn05jYAeqF1KcYSWU5en3omLBiSco8kqWjY3gJLRb1YKNyr4AVUA/OwJMf+Os5etmoGpOCi8LMRRnk1XD0F8uLcBKQUGKGhOiaRiztDHFJMSOjkpUIEiM8QD3SVTJEARF2Nrl0BI+U40E/4uqFEk7c2YkMBUKkgas6AyT7Yp6Nzf9YN5H+hZ3RME4kCfF0kZ8wKCM4jg16lBMsWaoEwpyqv0LcRxxhqcItqRDM+ZMXReu0ataqtduzcv0qj6MIDsAhqAATnIM6uAEN0AQYPIAn8AretEftWXvXPqetBS2f2Qd/Svv6BizzpM4=</latexit>

v1(ỹ) = logP (x1 | ỹ) + logP (ỹ)
<latexit sha1_base64="M7hZXzzzwymmnfCHesOvwGS2sKg="></latexit>

vi(ỹ) = logP (xi | ỹ) + max
ỹprev

(logP (ỹ | ỹprev) + vi�1(ỹprev))

<latexit sha1_base64="tGhPXqxrMDcPLHfOgI/FuAM+VmM=">AAACKXicbZDLSsNAFIYn9VbrLerSzWARKkJJRKoboejGZQV7gSaEyWTSDp1cmJkUQ+jruPFV3Cgo6tYXcdpGrK0HBn7+7xzOnN+NGRXSMD60wtLyyupacb20sbm1vaPv7rVElHBMmjhiEe+4SBBGQ9KUVDLSiTlBgctI2x1cj3l7SLigUXgn05jYAeqF1KcYSWU5en3omLBiSco8kqWjY3gJLRb1YKNyr4AVUA/OwJMf+Os5etmoGpOCi8LMRRnk1XD0F8uLcBKQUGKGhOiaRiztDHFJMSOjkpUIEiM8QD3SVTJEARF2Nrl0BI+U40E/4uqFEk7c2YkMBUKkgas6AyT7Yp6Nzf9YN5H+hZ3RME4kCfF0kZ8wKCM4jg16lBMsWaoEwpyqv0LcRxxhqcItqRDM+ZMXReu0ataqtduzcv0qj6MIDsAhqAATnIM6uAEN0AQYPIAn8AretEftWXvXPqetBS2f2Qd/Svv6BizzpM4=</latexit>

v1(ỹ) = logP (x1 | ỹ) + logP (ỹ)

<latexit sha1_base64="qxvL9FgA2SINss2e4CExck7ssiA=">AAACGXicbVC7TsMwFHXKq5RXgJHFokJiqhKECmMFC2OR6ENqQuW4TmvVcSLbQVRJfoOFX2FhACFGmPgbnDQDFI5k6ejcc33vPV7EqFSW9WVUlpZXVteq67WNza3tHXN3ryvDWGDSwSELRd9DkjDKSUdRxUg/EgQFHiM9b3qZ13t3REga8hs1i4gboDGnPsVIaWloWk6A1MTzEyu7TVIn1N78q+Q+S6GjaEAkTAsLRixpZ2k2NOtWwyoA/xK7JHVQoj00P5xRiOOAcIUZknJgW5FyEyQUxYxkNSeWJEJ4isZkoClHeqabFJdl8EgrI+iHQj+uYKH+7EhQIOUs8LQzX1Iu1nLxv9ogVv65m1AexYpwPB/kxwyqEOYxwREVBCs20wRhQfWuEE+QQFjpMGs6BHvx5L+ke9Kwm43m9Wm9dVHGUQUH4BAcAxucgRa4Am3QARg8gCfwAl6NR+PZeDPe59aKUfbsg18wPr8BFl2iPg==</latexit>

0|x|⇥|P|

<latexit sha1_base64="M7hZXzzzwymmnfCHesOvwGS2sKg="></latexit>

vi(ỹ) = logP (xi | ỹ) + max
ỹprev

(logP (ỹ | ỹprev) + vi�1(ỹprev))
<latexit sha1_base64="z337NUbUZrHJx0uH+ITTw3qeozw=">AAACD3icbVDLTgIxFO3gC/GFunTTSDQYEzJjDLokunEnRl4JkEmnFGjoPNLeIZBh/sCNv+LGhca4devOv7HALBQ9SZOTc85te48TCK7ANL+M1NLyyupaej2zsbm1vZPd3aspP5SUVakvfNlwiGKCe6wKHARrBJIR1xGs7gyup359yKTivleBccDaLul5vMspAS3Z2eOhHU1avo5Mb4hG8QSfYivG+RawEQBE95XbcnxiZ3NmwZwB/yVWQnIoQdnOfrY6Pg1d5gEVRKmmZQbQjogETgWLM61QsYDQAemxpqYecZlqR7N9YnyklQ7u+lIfD/BM/TkREVepsevopEugrxa9qfif1wyhe9mOuBeEwDw6f6gbCgw+npaDO1wyCmKsCaGS679i2ieSUNAVZnQJ1uLKf0ntrGAVC8W781zpKqkjjQ7QIcojC12gErpBZVRFFD2gJ/SCXo1H49l4M97n0ZSRzOyjXzA+vgHFaJx7</latexit>

v|x|+1(STOP)

<latexit sha1_base64="e26gZ7TEAn7s6l/N4jBgoXv6Cyk=">AAACHHicbVDLSgMxFM3UV62vqks3wSJUkDKjUl0W3bisYB/QKUMmk7ahyWRIMtJhmA9x46+4caGIGxeCf2P6ALX1QuDknHtuco8fMaq0bX9ZuaXlldW1/HphY3Nre6e4u9dUIpaYNLBgQrZ9pAijIWloqhlpR5Ig7jPS8ofXY711T6SiIrzTSUS6HPVD2qMYaUN5xTOXo5GXupqygKRJlkGXiT6sl11hbOOp6Sg7gT+3JDv2iiW7Yk8KLgJnBkpgVnWv+OEGAsechBozpFTHsSPdTZHUFDOSFdxYkQjhIeqTjoEh4kR108lyGTwyTAB7QpoTajhhfztSxJVKuG86OdIDNa+Nyf+0Tqx7l92UhlGsSYinD/ViBrWA46RgQCXBmiUGICyp+SvEAyQR1ibPggnBmV95ETRPK061Ur09L9WuZnHkwQE4BGXggAtQAzegDhoAgwfwBF7Aq/VoPVtv1vu0NWfNPPvgT1mf3z18org=</latexit>

max
ỹ

logP (x, y)

keep track of this over time 
to reconstruct the 

maximum-probability 
sequence

<latexit sha1_base64="hJT+twlRMBj1A9M7To3OcBM1IGM=">AAACJnicbVDLSgMxFM34rPVVdekmWAQFKTMi6kYQ3bisYB/QKSWT3tZgZjIkd6TDMF/jxl9x46Ii4s5PMX2AzwOBc8995Z4glsKg6747M7Nz8wuLhaXi8srq2nppY7NuVKI51LiSSjcDZkCKCGooUEIz1sDCQEIjuLsc5Rv3oI1Q0Q2mMbRD1o9ET3CGVuqUznyEAWZM93M/ZINO5qOQXcjSPKe+VH1a3fOVHTCanw3yA/oVpfl+p1R2K+4Y9C/xpqRMpqh2SkO/q3gSQoRcMmNanhtj265HwSXkRT8xEDN+x/rQsjRiIZh2Nj4zp7tW6dKe0vZFSMfq946MhcakYWArQ4a35nduJP6XayXYO21nIooThIhPFvUSSVHRkWe0KzRwlKkljGth/0r5LdOMo3W2aE3wfp/8l9QPK95x5fj6qHx+MbWjQLbJDtkjHjkh5+SKVEmNcPJAnsiQvDiPzrPz6rxNSmecac8W+QHn4xMxxadv</latexit>

argmax
ỹ

logP (x, y)
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<latexit sha1_base64="q1HaZbYry+LxnhTjsJoSeYOQa28=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI7NDAyO7uZmSUhG77AiweN8eonefNvHGAPClbSSaWqO91dQSy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJU0eJYthgkYhUO6AaBZfYMNwIbMcKaRgIbAXj+7nfmqDSPJKPZhqjH9Kh5APOqLFSfdIrltyyuwBZJ15GSpCh1it+dfsRS0KUhgmqdcdzY+OnVBnOBM4K3URjTNmYDrFjqaQhaj9dHDojF1bpk0GkbElDFurviZSGWk/DwHaG1Iz0qjcX//M6iRnc+imXcWJQsuWiQSKIicj8a9LnCpkRU0soU9zeStiIKsqMzaZgQ/BWX14nzauyVylX6tel6l0WRx7O4BwuwYMbqMID1KABDBCe4RXenCfnxXl3PpatOSebOYU/cD5/AObDjQU=</latexit>v

<latexit sha1_base64="tGhPXqxrMDcPLHfOgI/FuAM+VmM=">AAACKXicbZDLSsNAFIYn9VbrLerSzWARKkJJRKoboejGZQV7gSaEyWTSDp1cmJkUQ+jruPFV3Cgo6tYXcdpGrK0HBn7+7xzOnN+NGRXSMD60wtLyyupacb20sbm1vaPv7rVElHBMmjhiEe+4SBBGQ9KUVDLSiTlBgctI2x1cj3l7SLigUXgn05jYAeqF1KcYSWU5en3omLBiSco8kqWjY3gJLRb1YKNyr4AVUA/OwJMf+Os5et moGpOCi8LMRRnk1XD0F8uLcBKQUGKGhOiaRiztDHFJMSOjkpUIEiM8QD3SVTJEARF2Nrl0BI+U40E/4uqFEk7c2YkMBUKkgas6AyT7Yp6Nzf9YN5H+hZ3RME4kCfF0kZ8wKCM4jg16lBMsWaoEwpyqv0LcRxxhqcItqRDM+ZMXReu0ataqtduzcv0qj6MIDsAhqAATnIM6uAEN0AQYPIAn8AretEftWXvXPqetBS2f2Qd/Svv6BizzpM4=</latexit>

v1(ỹ) = logP (x1 | ỹ) + logP (ỹ)
<latexit sha1_base64="M7hZXzzzwymmnfCHesOvwGS2sKg=">AAACknicbVFbSxtBFJ5d6y2tJta++TIYChEx7IqXIthqfemDDxEaFbJhmZ09uxkye2HmbEhY9gf17/St/8ZJTCVGDwx8fN93LnNOkEuh0XH+WfbKh9W19Y3N2sdPW9v1xs7ne50VikOXZzJTjwHTIEUKXRQo4TFXwJJAwkMwvJnqDyNQWmTpb5zk0E9YnIpIcIaG8ht/Rr6gLQ+FDKGcVAf0knoyi2mnNTaCl4iQLoiHhmFjv3 yhfA9hjKVpOaoqkwkRtv4XeDEtlVnMmZYc+aU4cquFKV47PCXiAR74jabTdmZB3wJ3DppkHh2/8dcLM14kkCKXTOue6+TYL5lCwSVUNa/QkDM+ZDH0DExZArpfzlZa0a+GCWmUKfNSpDN2MaNkidaTJDDOhOFAL2tT8j2tV2D0rV+KNC8QUv7cKCokxYxO70NDoYCjnBjAuBJmVsoHTDGO5oo1swR3+ctvwf1x2z1rn92dNK9+ztexQfbIPmkRl5yTK/KLdEiXcKtunVrfrR/2F/vCvrZvnq22Nc/ZJa/Cvn0CcQDJDg==</latexit>

vi(ỹ) = logP (xi | ỹ) + max
ỹprev

(logP (ỹ | ỹprev) + vi�1(ỹprev))


